http://dx.In this article the authors find conditions for the stability of linear cooperative systems, based on graphical criteria of the underlying dependence graph. They are primarily interested in the case of non-trivial equilibria of the linear system which are Lyapunov stable, also referred to as marginally stable. This is the case if the eigenvalue of largest real part is zero and its geometric multiplicity is equal to its algebraic multiplicity. They show how marginal stability can be determined by decomposing the system into its strongly connected components (SCCs). The stability can then be inferred from (i) the spectrum of the Jacobian matrix of isolated SCCs, and (ii) the hierarchical arrangement of the SCCs (normal form of reducible matrix). The main result states that for (marginal) stability to prevail, no SCC may have positive eigenvalues, and any SCCs with eigenvalue zero may not stand in any hierarchical relation to each other, i.e. there may be no (directed) path connecting them.
The editors assigned to your paper ("Stability and steady state of complex cooperative systems: a diakoptic approach") have now received comments from reviewers. We would like you to revise your paper in accordance with the referee and Associate Editor suggestions which can be found below (not including confidential reports to the Editor). Please note this decision does not guarantee eventual acceptance.
Please submit a copy of your revised paper before 15-Sep-2019. Please note that the revision deadline will expire at 00.00am on this date. If we do not hear from you within this time then it will be assumed that the paper has been withdrawn. In exceptional circumstances, extensions may be possible if agreed with the Editorial Office in advance. We do not allow multiple rounds of revision so we urge you to make every effort to fully address all of the comments at this stage. If deemed necessary by the Editors, your manuscript will be sent back to one or more of the original reviewers for assessment. If the original reviewers are not available, we may invite new reviewers.
To revise your manuscript, log into http://mc.manuscriptcentral.com/rsos and enter your Author Centre, where you will find your manuscript title listed under "Manuscripts with Decisions." Under "Actions," click on "Create a Revision." Your manuscript number has been appended to denote a revision. Revise your manuscript and upload a new version through your Author Centre.
When submitting your revised manuscript, you must respond to the comments made by the referees and upload a file "Response to Referees" in "Section 6 -File Upload". Please use this to document how you have responded to the comments, and the adjustments you have made. In order to expedite the processing of the revised manuscript, please be as specific as possible in your response.
In addition to addressing all of the reviewers' and editor's comments please also ensure that your revised manuscript contains the following sections as appropriate before the reference list:
• Ethics statement (if applicable) If your study uses humans or animals please include details of the ethical approval received, including the name of the committee that granted approval. For human studies please also detail whether informed consent was obtained. For field studies on animals please include details of all permissions, licences and/or approvals granted to carry out the fieldwork.
• Data accessibility It is a condition of publication that all supporting data are made available either as supplementary information or preferably in a suitable permanent repository. The data accessibility section should state where the article's supporting data can be accessed. This section should also include details, where possible of where to access other relevant research materials such as statistical tools, protocols, software etc can be accessed. If the data have been deposited in an external repository this section should list the database, accession number and link to the DOI for all data from the article that have been made publicly available. Data sets that have been deposited in an external repository and have a DOI should also be appropriately cited in the manuscript and included in the reference list.
If you wish to submit your supporting data or code to Dryad (http://datadryad.org/), or modify your current submission to dryad, please use the following link: http://datadryad.org/submit?journalID=RSOS&manu=RSOS-191090
• Competing interests Please declare any financial or non-financial competing interests, or state that you have no competing interests.
• Authors' contributions All submissions, other than those with a single author, must include an Authors' Contributions section which individually lists the specific contribution of each author. The list of Authors should meet all of the following criteria; 1) substantial contributions to conception and design, or acquisition of data, or analysis and interpretation of data; 2) drafting the article or revising it critically for important intellectual content; and 3) final approval of the version to be published.
All contributors who do not meet all of these criteria should be included in the acknowledgements.
We suggest the following format: AB carried out the molecular lab work, participated in data analysis, carried out sequence alignments, participated in the design of the study and drafted the manuscript; CD carried out the statistical analyses; EF collected field data; GH conceived of the study, designed the study, coordinated the study and helped draft the manuscript. All authors gave final approval for publication.
• Acknowledgements Please acknowledge anyone who contributed to the study but did not meet the authorship criteria.
• Funding statement Please list the source of funding for each author.
Once again, thank you for submitting your manuscript to Royal Society Open Science and I look forward to receiving your revision. If you have any questions at all, please do not hesitate to get in touch.
Kind regards, Alice Power Editorial Coordinator
Royal Society Open Science openscience@royalsociety.org on behalf of Dr James Locke (Associate Editor) and Mark Chaplain (Subject Editor) openscience@royalsociety.org Associate Editor's comments (Dr James Locke):
Although both reviewers enjoyed aspects of the work, there were some major concerns over novelty from both reviewers. This should be addressed in a major revision of the paper, with the appropriate references discussed and the new aspects of the work clearly explained.
Reviewers' Comments to Author: Reviewer: 1 See report.
Reviewer: 2 Comments to the Author(s)
In this article the authors find conditions for the stability of linear cooperative systems, based on graphical criteria of the underlying dependence graph. They are primarily interested in the case of non-trivial equilibria of the linear system which are Lyapunov stable, also referred to as marginally stable. This is the case if the eigenvalue of largest real part is zero and its geometric multiplicity is equal to its algebraic multiplicity. They show how marginal stability can be determined by decomposing the system into its strongly connected components (SCCs). The stability can then be inferred from (i) the spectrum of the Jacobian matrix of isolated SCCs, and (ii) the hierarchical arrangement of the SCCs (normal form of reducible matrix). The main result states that for (marginal) stability to prevail, no SCC may have positive eigenvalues, and any SCCs with eigenvalue zero may not stand in any hierarchical relation to each other, i.e. there may be no (directed) path connecting them.
The results of the paper are interesting and appear to be useful. My only concern is the extent to which they are novel. This concern is amplified by the paucity of the references included in the paper. Stability for compartmental systems is of great interest for compartmental modeling and Markov processes and so the literature must be vast and fragmented by discipline (probability, control theory, compartmental modeling, etc.). In addition, the authors do not connect their main result with any related results in the literature. It is hard for this reviewer to believe that there are no such connections/comparisons.
As a consequence, this reviewer is reluctant to recommend publication because the authors fail to relate their result to those in the literature. I am pleased to inform you that your manuscript entitled "Stability and steady state of complex cooperative systems: a diakoptic approach" is now accepted for publication in Royal Society Open Science.
You can expect to receive a proof of your article in the near future. Please contact the editorial office (openscience_proofs@royalsociety.org and openscience@royalsociety.org) to let us know if you are likely to be away from e-mail contact --if you are going to be away, please nominate a coauthor (if available) to manage the proofing process, and ensure they are copied into your email to the journal.
Due to rapid publication and an extremely tight schedule, if comments are not received, your paper may experience a delay in publication.
Royal Society Open Science operates under a continuous publication model (http://bit.ly/cpFAQ). Your article will be published straight into the next open issue and this will be the final version of the paper. As such, it can be cited immediately by other researchers. As the issue version of your paper will be the only version to be published I would advise you to check your proofs thoroughly as changes cannot be made once the paper is published. 1 General comments I enjoyed reading this article. It provides a simple characterisation of marginal stability of a linear dynamical system, derived from a 'coarse-grained' picture of the dynamics expressed through the stronglyconnected components of the associated graph. I cannot vouch for the originality of the results as I am not an expert in the theory of positive linear systems. I will make some suggestions for extra referees.
From an applications side, I think it would improve the future impact of the paper to have a clear example where calculation of marginal stability is important and useful. The short stochastic processes discussion in section 3 is nice for context, but the results are not new. Relatedly, it would be nice to have some clear discussion on the relationship between marginal stability and conservation laws.
Corrections

Major
I believe there is an error in the proof of Theorem 2, around lines 34-36. The authors state correctly that B k [e B k t m * k ] → 0. This is true because e B k t converges to a projection matrix, whose range is spanned by the dominant eigenvector of B k . From (6), it therefore follows that lim t→∞ e B k t [ l<k C kl m * l ] = 0, however, this does not imply l<k C kl m * l = 0 in general as claimed. All it gives you is that l<k C kl m * l is in the kernel of the projection lim t→∞ e B k t . (Even though e B k t is invertible for all t, the limiting projection is not invertible.) To fix the gap in the proof you can use the non-negativity of C and m * . If any non-negative vector has a non-zero entry then it cannot be orthogonal m * k , which is known to be positive, hence l<k C kl m * l must be empty.
Minor
p2 l16 "studied isolated" should be "studied in isolation" p2 l48 I don't think the SIR example here is a good one, since there is a non-linear interaction between S and I, and the Jacobian contains negative off-diagonal terms p3 l34 I think the possessive form of "process" is "process's" p4 l17 Why does x turn to m here? p5 l13 "graphs" should be "graph's" p9 l13 The meaning of "final" is not clear here 1 Appendix A Reviewer 2 had some concerns about the novelty with regards to compartmental systems, a subclass of cooperative systems which are characterised by an additional conservation law for the studied quantities. We agree with the reviewer that for this subclass of cooperative systems similar approaches based on graph-theoretical arguments are already known. We have now clarified this in the revised manuscript and extended our literature review accordingly. Crucially, however, our results go well beyond compartmental systems, and are applicable more generally also to nonconserved linear cooperative systems, which may include replication of the considered quantity. In particular, our results also apply to the wide field of population dynamics, such as populations of individuals in different life cycle stages, or tissue cell populations which proliferate and differentiate (e.g. stem cells). We note that the previously known results for compartmental dynamics are not applicable to those biologically and medically important systems, and our analysis is fundamentally different to approaches for compartmental systems.
To our knowledge and given evidence provided by Reviewer 2, as well as from an extended literature review, we are therefore convinced that our results are entirely novel, with respect to linear cooperative systems in general, that include population dynamics. We thus believe that our work provides a valuable and simple-to-use tool to study the stability of replicating populations which is of crucial importance in ecology, developmental biology, and biomedicine.
With kind regards, Philip Greulich, Ben MacArthur, Cristina Parigini, and Ruben Sanchez-Garcia
Detailed response to the reviewers' remarks:
Reviewer: 1 COMMENTS TO THE AUTHOR(S) I enjoyed reading this article. It provides a simple characterisation of marginal stability of a linear dynamical system, derived from a `coarse-grained' picture of the dynamics expressed through the strongly connected components of the associated graph.
Appendix B
We are pleased about the reviewer's positive view of our manuscript. Below we have addressed the reviewer's remarks.
From an applications side, I think it would improve the future impact of the paper to have a clear example where calculation of marginal stability is important and useful?
We have now expanded on the real world applications of our results both in the Introduction and the Discussion section. We now describe more explicitly the application to population dynamics and in particular to tissue cell populations which can proliferate (stem and progenitor cells) and change their state through differentiation. Population dynamics are linear when considering neutrally competing (sub-)populations. We note that in a linear system, marginal stability is the only possibility to maintain a non-zero cell population, which corresponds to a healthy tissue cell population. In contrast, the only possible asymptotically stable state in a linear system is when a population vanishes, but is not a biologically viable state. The biomedical importance to identify a marginally stable -i.e. healthy -state of a tissue, is also with respect to the potential transition to cancer, which is related to an unstable tissue cell population.
The short stochastic processes discussion in section 3 is nice for context, but the results are not new.
We agree with the reviewer and have now removed this section, to avoid the misleading impression that these results were novel (see also response to Reviewer 2).
Relatedly, it would be nice to have some clear discussion on the relationship between marginal stability and conservation laws.
Only for compartmental systems, the quantity of interest is conserved. For cooperative systems in general, marginal stability does only mean conservation "on average", i.e. that the mean value stays constant over time. We note, however, that since the marginally stable is a right 0-eigenvector to the matrix A (eigenvector to eigenvalue zero), there must also be a left 0-eigenvector to A, and this left 0-eigenvector marks the coefficients of a non-trivial conservation law, meaning that a linear combination of the "masses" on each node exists that is conserved (the coefficients of this linear combination are the entries of the left 0eigenvector). If these coefficients were all '1's, then this would correspond to standard conservation of the quantity of interest, but this is in general not the case. Furthermore, the corresponding left eigenvector (i.e. the conservation law) can, to our knowledge, not be easily derived from the knowledge of the right eigenvector (i.e. the marginally stable state).
We have commented on that in the revised Conclusions section, where this relationship is clarified it in a footnote. However, we do not expand on this analysis as this would go beyond the scope of the manuscript.
I believe there is an error in the proof of Theorem 2, around lines 34{36.
[…]
We sincerely thank the reviewer for spotting this gap in our proof. Indeed, this part of the proof was not entirely correct, and we have revised this part of the manuscript to now present a correct, consistent proof in the text. Part of this proof is now separated as Lemma 4. We apologise for not having spotted this gap in the proof before. In particular, we wish to thank the reviewer for his suggestions how to solve this issue.
"Minor:"
We have corrected all minor issues pointed out by the reviewer. In particular, we have now removed any reference to the SIR model and epidemic models in general, as they are not good examples.
We thank the reviewer for hinting at further literature sources, in particular with respect to compartmental systems, a sub-class of cooperative systems which is characterized by a conserved quantity (in the sense that the quantity of interest cannot replicate -gain and loss through sources and sinks is possible also in compartmental systems). We have now expanded our literature review (in the introduction) to include those references and relevant sources cited therein. We also performed an extensive further literature review, whose outcome is now reflected in the manuscript. We note, however, that neither the references provided by the reviewer, nor other references found through this literature research, provide graph-based (diakoptic) criteria for marginal stability in generic cooperative systems, when also non-conserved quantities are considered (for example populations of replicators).
We therefore conclude that to our knowledge, and including the evidence given by the reviewer as well as from our extensive literature review, our findings are entirely novel with regards to cooperative systems where the studied quantity is not conserved.
Nonetheless, we agree with the reviewer that a similar approach, based on identifying strongly connected components of the system, has been done for (conserved) compartmental systems, which include Markov processes. We therefore apologise if we created the impression to claim novelty for those systems. In order to clarify this, we have substantially rewritten the Introduction and Conclusions sections, to discuss the relevant known results for compartmental systems in both sections. To clarify the novel aspect of our work, we now emphasize the applicability of our study to cooperative systems without a conserved quantity, which are encountered in the real world for example in population dynamics: populations of individuals and cells can replicate and can therefore not be described by standard compartmental systems. We further clarify a misleading statement in the beginning of the results section (on page 4 before Eq. (1)), that possibly created the impression that we consider only mass ratios. Finally, since Markov processes are conserved systems, we removed the section on steady states of Markov processes, in order to avoid the impression that these are novel results, since existing methods can be applied to study them.
In addition, the authors do not connect their main result with any related results in the literature. It is hard for this reviewer to believe that there are no such connections/comparisons.
In the revised manuscript, we now discuss, both in the Introduction and the Conclusions, our results in comparison to what is known about general cooperative systems (in particular the results of Hirsch and Smith) and relate those to similar approaches for compartmental systems.
